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Muon electron scattering experiments such as the proposed MUonE experiment, offer an oppor-
tunity for an improved measurement of the Leading Order hadronic running of α, denoted ∆αhad.
Such a measurement could be utilized to reduce the theoretical uncertainty on the prediction of the
anomalous magnetic moment of the muon, g − 2. Currently there is a discrepancy between theory
and data for this observable which could potentially be explained by Beyond the Standard Model
(BSM) physics. Here we investigate the possible impact of missing Standard Model (SM) higher
order corrections and BSM physics on the proposed measurement of ∆αhad. In principle either
could be indirectly fitted into ∆αhad, causing inconsistencies if used in a g − 2 application. The
literature suggests a target of 10 ppm on the cross section for the theoretical accuracy. We assess
the validity of this target in detail using a variety of methods, finding that a 1 ppm target is a more
conservative estimate to ensure missing higher orders do not dominate the theoretical uncertainty.
For the potential BSM contributions we study various models which contribute first at tree- and
loop-level. Of particular interest is the impact from dark photon models, which can potentially
affect the measurement of ∆αhad at the desired accuracy. At loop-level there exists in general a
kinematic suppression adequate to reduce the BSM contributions to a level which can be neglected
for the extraction of ∆αhad.
INTRODUCTION
The quest to conclusively establish the nature of
physics Beyond the Standard Model (BSM) has driven
high energy physics for several decades. Extensions to
the Standard Model (SM) are well motivated, since the
SM lacks a suitable dark matter candidate, as well as
a description of gravity, and has some unappealing fea-
tures, for instance in relation to the hierarchy problem.
However, recent results from collider experiments (pre-
dominantly the Large Hadron Collider (LHC)) paint a
picture which is remarkably consistent with the predic-
tions of the SM. Barring any major surprises in the cur-
rent LHC Run II data set, the quest to derail the SM will
enter into a precision regime. That is, BSM physics will
be hunted not through searches for direct production of
new particles, but through subtle deviations made man-
ifest in the coupling of SM particles to each other and
themselves.
Excitingly precision tests already put the SM under
significant tension. There has been a long standing devi-
ation between the prediction from the SM for the anoma-
lous magnetic momentum of the muon g−2, and various
experimental measurements of the same quantity. Ex-
citement is building for the upcoming update from the
Muon g−2 experiment at Fermilab [1], which will present
first results this summer. The Fermilab experiment
should be able to improve upon the current measure-
ment from Brookhaven National Laboratory (BNL) [2],
ultimately aiming to make the experimental uncertainties
small enough to claim a five standard deviation discrep-
ancy with the SM. A challenge in making such a monu-
mental statement is that one must attempt to quantify
the theoretical uncertainty in a robust way so as to en-
sure the validity of the comparison. There is no 100%
infallible method of estimating theoretical uncertainties
in the SM. This is particularly the case for calculations of
g−2, which rely on a delicate mixture of perturbative and
non-perturbative ingredients. Nevertheless, several inde-
pendent calculations and methodologies have been per-
formed resulting in predictions which all agree within one
sigma [3–5], with the most recent result corresponding to
aSMµ = 11659182.04±3.56×10−10. Compared to this pre-
diction the current (BNL) observation is 3.7 standard de-
viations different aSMµ = 11659209.1± (5.4)(3.3)×10−10.
For a review of the theoretical predictions for g−2 we re-
fer the reader to Ref. [6], and a recent review of potential
BSM explanations can be found in Ref. [7].
While the perturbative piece of g − 2 is under very
good control [8–12], the non-perturbative components are
the largest contributors to the theoretical error budget.
Currently the Leading Order (LO) hadronic contribu-
tions and light-by-light scattering dominate the uncer-
tainty, broadly speaking, both contribute approximately
3×10−10 to the total error estimate [3–5, 13–16].
The most precise predictions for the LO hadronic con-
tributions are currently extracted from the ratio R =
σ(e+e− → hadrons)/σ(e+e− → µ+µ−) coupled with the
optical theorem. This extraction is made difficult by the
copious amount of low energy QCD bound states [5, 17],
which have to be integrated over. Efforts are under-
way to improve the situation. On the one hand Lattice
QCD provides means to calculate the hadronic contribu-
tions independently from experimental data [18–27]. On
the other hand to avoid the complications from bound
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Figure 1: Feynman diagram corresponding to the “signal” for
the MUonE experiment
states a new measurement of ∆αhad, in an alternate kine-
matic regime, has been proposed [28, 29], known as the
MUonE experiment.
This experiment plans to use a precision measurement
of low energy µe scattering to probe the running of α
as shown in Fig. 1. Since the running is now probed in
the spacelike t-channel regime the integrand is a smooth
function and no longer suffers from the complications due
to the production (and decay) of QCD hadrons. How-
ever, the extraction of such an accurate measurement
of ∆αhad (corresponding to an uncertainty of around
0.3% [30]) represents a significant experimental and the-
oretical challenge. In order to obtain the theoretical ac-
curacy needed, a dedicated effort to provide differential
calculations and Monte Carlo codes has begun. In par-
ticular the Next-to-Leading Order (NLO) QED and EW
effects have been calculated [31] as well as the NLO and
Next-to-Next-to-Leading Order (NNLO) hadronic contri-
butions [32]. Furthermore significant progress has been
made towards a full NNLO QED calculation [33, 34].
While significant attention has been given to the pre-
dictions for µe scattering in the SM, thus far, to the best
of our knowledge, no study has been performed which
investigates the sensitivity of MUonE to BSM physics.
That is to say, if BSM physics exists and contributes
around ∆aµ = 20 × 10−10 to g − 2, what is the subse-
quent impact on a scattering experiment (also involving
muons) which seeks to measure the hadronic contribu-
tions at the level of 2× 10−10? One may naturally worry
that any BSM contribution could be present in both to
such an extent as to invalidate the methodology. In the
worst case scenario, BSM physics would be fitted into
∆αhad and the agreement between the “SM” and data
would be artificially enhanced. This paper aims to an-
swer this question. In order to do so, we will study situ-
ations in which BSM enters at both tree- and loop-level
and classify the overall impact in a reasonably broad and
model independent manner. Before doing so we will first
reassess the impact of theoretical uncertainties from the
SM itself and compare them to the targeted accuracy of
2× 10−10.
Δαhad
Signal
Region
Norm.
Region
Δαhadfit
10-7
10-6
10-5
10-4
0.001
0.010
0.100
Δα
i
0.0 0.2 0.4 0.6 0.8 1.0
0.9970
0.9980
0.9990
1.0000
1.0010
x
Δα
h
a
d
fi
t
/Δ
α h
a
d
Figure 2: The upper panel shows the Leading Order hadronic
contributions ∆αhad to the running of α in the MUonE signal
and normalization region (computed using the hadr5n12 pro-
gram [4, 35, 36]) and in red we show a cubic fit to ∆αhad in
the signal region. The lower panel shows the ratio of the cubic
fit over ∆αhad.
OVERVIEW
The MUonE experiment proposes to measure
∆αhad via t-channel scattering of muons and electrons.
Once ∆αhad is defined, its subsequent contribution
to g − 2, denoted aHLO, is obtained via the following
integration
aHLO =
α
pi
∫ 1
0
dx(1− x)∆αhad[t(x)] , (1)
where t is defined in the spacelike region as a function of
x in the following way
t(x) =
x2m2µ
x− 1 < 0. (2)
In this work we will use the hadr5n12 program [4, 35, 36]1
to generate ∆αhad (and subsequently a
HLO via Eq. (1)),
the results from the code for ∆αhad as a function
of x are shown in Fig. 2, where we have highlighted
1 specifically the 09/09/2009 version
3the MUonE signal region, which corresponds to x ∈
[0.3, 0.932]. The region x < 0.3 is an area of phase
space in which the contribution from ∆αhad is rather
small, and thus is proposed as a normalization window
to aid in the reduction of experimental systematic un-
certainties. The region x > 0.932 is not kinematically
accessible for the proposed experiment. In the signal
region ∆αhad is well modeled by a cubic polynomial
∆αfithad = c1 t+ c2 t
2 + c3 t
3, which is also displayed in the
figure. We note that ∆αhad(0) = c0 = 0, as such there
is no constant term in the fit. Over the MUonE data
range, with around 30 data points and 3 free parameters
it is possible to obtain fitting errors on aHLO at the level
of 0.3% [37].
We can relate the extraction of ∆αhad to the pertur-
bative expansion in theory. The differential cross section
(in t) expanded to NLO in α can be written as
dσSMfull
dt
= α2
dσLO
dt
+ α3
dσNLO
dt
+ 2α2
d
dt
(
σLO∆αhad
)
,
=
dσSMpert
dt
+ 2α2
d
dt
(
σLO∆αhad
)
. (3)
The first two terms can be readily computed in perturba-
tion theory and are therefore considered a “background”
in the MUonE setup, which will be subtracted from the
data. Access to ∆αhad can be found by equating the
following ratio
d
dt
(
dσExp
dσSMpert
)
=
d
dt
(
dσSMfull
dσSMpert
)
, (4)
where σExp would correspond to the experimental data.
Expanding right hand side to O(α) we see
d
dt
(
dσExp
dσSMpert
)
= 1 + 2∆αhad +O(α
2) . (5)
Implicit in the above expansion is that any physics not
accounted for in dσSMpert, but present in the data will be
absorbed into the definition of ∆αhad. It is therefore
mandatory to calculate dσSMhad as accurately as possible in
order to minimize unwanted inclusion of known physics
(for example inclusion of NNLO effects in α from per-
turbative physics). Specifically the MUonE literature
frequently quotes an error target of 10 ppm (10−5) on
the cross section as the desired goal for the theoretical
accuracy [28–32]. This value is motivated by considering
degradation of the fitting function by inclusion of a sys-
tematic uncertainty. Studies have been performed which
suggest that including systematic shifts proportional to
LO, included as parameters in the fit, do not significantly
degrade the results beyond the initial 0.3% value [37].
This can be easily understood, since the essential change
is to include a fourth parameter in the fitting model, how-
ever with 30 well measured points this does not lead to
a significant decrease in the fitting ability.
The aim of this paper is to study in greater detail the
nature of the theoretical quantity which would be fit us-
ing the proposed experimental procedure above. In gen-
eral there are two types of missing theoretical compo-
nents to equation (5). Firstly, as indicated above there
are missing higher order corrections in the SM itself. Sec-
ondly, in the case physics BSM exists, the theoretical
expansion of the differential cross section could be mod-
ified at O(α) or O(α2). We therefore capture all missing
theoretical information in the following equation
d
dt
(
dσExp
dσSMpert
)
= 1 + 2(∆αhad + ∆αHO + ∆αBSM), (6)
where ∆αHO defines all unsubtracted pieces of the SM
(for instance, electron mass effects, N3LO, etc.) and
∆αBSM corresponds to a model dependent BSM cor-
rection. The fit to experimental data will therefore si-
multaneously fit the target signal, ∆αhad and the addi-
tional pieces. When integrated to obtain aHLO the un-
subtracted terms modify the result as follows
aHLO → aHLO + δaHLO , (7)
where δaHLO captures the integrated pieces which do not
arise from the hadronic running of α
δaHLO = δaHLOHO + δa
HLO
BSM , (8)
=
α
pi
∫ 0.932
0.3
dx(1− x) (∆αHO + ∆αBSM) . (9)
We have also specifically included the integration bounds
of the MUonE fiducial volume. The accuracy on the ex-
traction of aHLO is thus intimately related to the size
of δaHLO, which should be compared to the 0.3% (fit-
ting) error target. In the subsequent sections we will
estimate the impact of δaHLOHO using estimates of higher
order calculations, and δaHLOBSM for general tree-level and
loop induced new physics scenarios.
RESULTS
Impact of missing higher order corrections
We begin by studying the impact of missing higher
order terms in the SM. Formally these are well-defined
by their inverse (since we know which terms of the SM
are included). For practical definitions, until the com-
pletion of higher calculations becomes available, one can
only construct some approximate form of missing higher
order corrections. The simplest function to define is a
flat correction relative to LO, i.e. ∆αLOHO = c and corre-
spondingly
δaHLOLO = c
α
pi
∫ 0.932
0.3
(1− x)dx , (10)
4This integral can be readily computed, yielding
δaHLOLO (c) = 0.243
αc
pi
. (11)
The stated theoretical accuracy of 10 ppm would corre-
spond to c = 5 × 10−6 (accounting for the factor of two
in eq. (6)), this results in δaHLOLO (5× 10−6) = 28× 10−10,
which is approximately equal to ∆aµ the current differ-
ence between theory and experiment for the g − 2 mea-
surement, and is far too large for a useful extraction of
aHLO. In order to reduce the impact of the missing higher
order corrections to the level of the current uncertainty
on aHLO of ∼ 2 × 10−10 (adjusted from the full error
for the fiducial volume of MUonE), c would have to be
3.5×10−7, corresponding to a theoretical accuracy of 0.7
ppm on the differential cross section. In principal missing
higher orders of this form (proportional to LO) enter the
fit as a constant term, and therefore generate a non zero
value of c0 in the expansion in t. These terms could there-
fore be treated as a theoretical systematic uncertainty in
much the same way as other systematic uncertainties are
handled.
A more worrisome class of corrections are missing
terms with a dynamic t dependence across the fiducial
volume of the MUonE experiment which cannot simply
be absorbed into a constant term in the fit. In order to
investigate the potential impact of these types of terms
we estimate the size of various higher order corrections
by computing the leptonic running of α raised to the ap-
propriate power
∆αapproxi,HO (t) = κi∆α
i
lep(t) , (12)
where ∆αilep(t) is defined in Appendix A. We note that
these pieces correspond to a single diagram (rescaled by
LO) from the ith order correction in the perturbative se-
ries (namely the equivalent topology of Fig. 1 with i bub-
ble insertions along the photon line). While this diagram
gives an idea of the order of magnitude of a missing ith
order correction, the full result could be smaller (due to
cancellations with other diagrams) or larger. Therefore
we vary our estimate over some set range, by multiplying
it with a factor of κi. A reasonable range for κi can be
best determined upon completion of the NNLO compu-
tation, but for now we will take κi in the range {1/5−5}.
We can validate our estimate at NLO (i = 1), by com-
paring it to the available NLO calculation. We find that
the exact value δaexact1,HO = 1.4 × 10−6 lies well within our
estimated range δaapprox1,HO = (0.6− 16)× 10−6, where the
former was obtained by interpolating the data points pre-
sented in [31] and adjusting the lower integration bound
to be x = 0.373, due to the restricted range of the NLO
data.
Using this approximate form, we compute δaapproxi,HO us-
ing eq. (12) in eq. (9), as a result we estimate that the
unknown higher order contributions to δaHLO have the
following sizes:
|δaapproxi=2,HO| = (0.5− 13)× 10−8 , (13)
|δaapproxi=3,HO| = (0.4− 9)× 10−10 , (14)
|δaapproxi=4,HO| = (0.3− 6)× 10−12 . (15)
Our estimates corroborate current beliefs that an NNLO
(i = 2) calculation is essential for the success of the ex-
periment. However, the impact on aHLO from the i = 2
contribution is estimated to be around 100 times the tar-
get uncertainty of 2× 10−10. It is not until i = 3, (corre-
sponding to an approximate N3LO calculation) that the
estimated corrections are around the desired accuracy of
2 × 10−10. These statements are in line with those out-
lined in recent MUonE Letter of Intent (LOI), Ref [29],
which (using the 10 ppm target) determined the need for
both NNLO and resummation effects to achieve the the-
oretical error target. Both the current literature and our
analysis above suggest that precision significantly beyond
NNLO will be required. Before attempting to quantify
what terms are needed we first determine the impact of
the higher order estimate on the differential distribution
in terms of ppm accuracy on the cross section.
To do so we perform the following analysis, we generate
data for ∆αhad using hadr5n12 and for ∆α
approx
i,HO with a
given value of κi. We then proceed to fit the sum of these
two terms together with a flat statistical uncertainty of
10 ppm using a third order polynomial fit
∆αfithad = ∆αhad + κi(∆α
i
lep)
3 =
3∑
i=1
cit
i , (16)
which is then integrated through eq. (1). We obtain fit-
ting uncertainties of 2.3 × 10−10, which matches those
found in previous MUonE studies. Our results obtained
for various values of κ3 are shown in Fig. 3, which in-
cluded the pure hadronic contribution (κ3 = 0). We ob-
serve that the errors arising from the fit do not depend on
κ3 but that the central value of a
HLO can be significantly
shifted. Especially if κ3 ≥ 2 the shift exceeds the fitting
error of the purely hadronic data with κ3 = 0 and there-
fore is the dominant theoretical uncertainty. For κ3 = 1.5
the shift in aHLO is 2×10−10 and we find that the mean
value of ∆αapprox3,HO is 0.62× 10−6 and the maximum value
is 1.5 ×10−6. This indicates that a function which con-
tributes at the level of around 1.2 ppm is sufficient to
induce a change in aHLO greater than 2× 10−10.
The two estimates presented thus far in this section
suggest that a precision of around 1 ppm will be required
in order to ensure that the extracted value of aHLO is not
altered by the presence of missing higher order correc-
tions at the level of 2×10−10 or greater. Further, our sec-
ond approximate form suggested this precision occurred
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Figure 3: Different values of the leading hadronic contribu-
tion, depending on the size of κ3 multiplying the approximate
N3LO correction, defined according to eq. (12).
around the N3LO level. Since an N3LO calculation re-
mains a daunting task, it is natural to investigate whether
a suitable approximation could be constructed to capture
the dominant impact of this term in the perturbative ex-
pansion. Such approximate forms were discussed in the
LOI [29] and compared to the 10 ppm standard. Here
we reinvestigate the issue, in light of the results of the
previous section. In order to do so we decompose the
perturbative expansion in α to order n as follows
σ(n) = σ(0)
n∑
m=0
 m∑
i=0
m∑
j=0
κmi,j(t)
(α
pi
)m
Li`j
 , (17)
where we have used the notation of Ref. [29], parame-
terizing the cross section in terms of two IR logarithms
L = log(−t/m2) and ` = −2 log (2∆ω/s). κmi,j(t) defines
the coefficient of the logarithms, which is in general a
function of the kinematic variables (of which we are pri-
marily concerned with the t dependence). ∆ω is related
to the experimental definition of photon/leptons and its
discussion is beyond the scope of this paper. Steps out-
lining the resummation of these logarithms are discussed
in Ref. [29]. Rather we take as a starting point the
stated theoretical uncertainty from Ref. [29] after the pro-
posed resummation techniques have been applied, which
is given by the term
κ32,0
(α
pi
)3
L2 , (18)
i.e. L2 with no enhancement by a ` power and with κ32,0 of
O(1). Our aim is thus to relate the uncertainty induced
by this term to the findings of our previous analyses. It is
straightforward to relate this expansion to our previous
estimate of the missing higher order corrections. Our
estimate was constructed from one-loop bubble integrals,
which contain logarithms of the form
L′ = log
(
−1 +
√
1− t/(4m2e)
1−√1− t/(4m2e)
)
, (19)
(α/pi)nLn (α/pi)nLn−1 (α/pi)nLn−2 (α/pi)nLn−3
n = 2 980 88 8 −
n = 3 26 2.3 0.21 0.019
n = 4 0.67 0.059 0.0053 0.00048
Table I: |δa| × 1010 values for various powers of α and L with
κna,b = 1 for all contributions.
(see Appendix A for the full form). Over the range of
phase space available to MUonE one can write to a good
approximation
L′ ≈ L = log
(
− t
m2e
)
= log
(
x2
1− x
m2µ
m2e
)
∼ 10 . (20)
Hence, our previous estimation was of the form a(t)L3 +
b(t)L2 + c(t)L+ d(t), which we note contains cubic pow-
ers of L, and is therefore of higher order than eq. (18).
Motivated by our previous study, and the error estimate
of Ref. [29] we study the functions
∆αLj,n,HO =
1
2
(α
pi
)n
κnj,0L
j , (21)
where 0 ≤ j ≤ n, and for simplicity we take κ to be an
unknown constant. The factor of 1/2 is inserted to en-
sure a consistent definition of ∆αHO in eqs. (7) and (17),
which allows us to quickly relate κ to the expansion coef-
ficient of a particular term in the cross section. This then
resembles our previous estimate in terms of the logarith-
mic structure (with all rational functions of t dropped),
and the stated error estimate from Ref. [29] which starts
at j = 2 (for n = 3).
We perform the same analysis as the previous esti-
mate, namely performing a combined fit to ∆αhad and
∆αLj,n,HO and integrating the total to obtain a modified
aHLO. We present the difference from the ∆αhad only
result (in units of 10−10) in Table I where we have set
κnj,0 = 1 for simplicity. We present results for n = 2, 3, 4
and 0 ≤ j ≤ n. Of particular interest is the comparisons
between our previous third order estimate, and that ob-
tained here. We see that the shift induced by the α3L3
term is significantly larger than the third order approxi-
mate constructed from the leptonic running (∼ 25 com-
pared to 1). This is primarily since the leptonic running
scales like 1/3 compared to ∆αL3,3,HO, when raised to the
third power this causes a suppression of 27. In the lep-
tonic running there is also a partial cancellation between
the L3 and L2 terms, which suppresses the contribution
by roughly a factor of two. This partial cancellation is
mimicked by the factor of 1/2 in eq. (21).
We observe that the α3L2 term (with a coefficient of
1) contributes around 2×10−10 to δa. This strongly sug-
gests that this term will be required in order to achieve
6(α/pi)nLn (α/pi)nLn−1 (α/pi)nLn−2 (α/pi)nLn−3
n = 2 0.002 0.02 0.3 −
n = 3 0.08 0.9 10 100
n = 4 3 30 400 4000
Table II: κ values for individual coefficient at which |δa| ex-
ceeds the desired accuracy of 2× 10−10.
the desired accuracy of MUonE (unless for some reason
the coefficient was significantly smaller than 1). The α3L
term contributes around 0.2×10−10 to δa and is therefore
extremely sensitive to the true value of κ as to whether or
not is contribution is mandated. The coefficient of α4L3
is of a similar (albeit smaller) size its presumed impor-
tance (or lack thereof) should be easier to quantify once
more is known about the perturbative expansion.
In order to present this information in a more usable for-
mat (after completion of future higher orders) we com-
pute the value of κ required for each term (taken in-
dividually) to be sufficient to alter the fitted aHLO by
greater than or equal to 2 × 10−10. These values of κ
are summarized in Table II. For example, we see that if
the α3L term has a coefficient greater than 10 it will
need to be included in the theoretical calculation. If
the coefficients are of O(1 − 10) then α3L2, and α3L,
should be included. Upon understanding of the pertur-
bative structure at n = 2 and n = 3 it may be possible
to predict more accurately whether the α4L3 terms are
needed. Presumably, if the technology exists to deter-
mine the third order up to single logarithmic accuracy,
similar techniques may be utilized to determine the α4L3
term. We recall that in reality the coefficients of these
sub-leading logarithms are themselves functions of the
external kinematics, and therefore modeling them as a
constant is somewhat risky. Needless to say, once more
is known about the lower order terms in the expansion it
will be easier to make more predictive comments about
exactly which coefficients are needed. In summary it
seems that the knowledge of α3L2 is mandatory, and that
the α3L and α4L3 terms need a more robust argument as
to judge the maximum size of their coefficient in the full
perturbation theory (ideally with an actual calculation).
As a final issue we comment on the role of fitting in
determining our results above. We recall that the num-
bers computed in this section were obtained by inte-
grating ∆αfithad which corresponded to the combination
of ∆αhad and the chosen higher order correction with an
error given by 5×10−6 in the fit. It is interesting to com-
pute the un-fitted corrections to δa arising from eq. (21)
Function Mean [×10−6] Maximum [×10−6] δσ/σ(0) [ppm]
∆αL3,2,HO[κ = 0.9] 0.67 1 1.3
∆αL3,1,HO[κ = 10] 0.67 0.83 1.3
∆αL4,4,HO[κ = 3] 0.66 1.4 1.3
∆αLOHO 0.35 0.35 0.7
1.5×∆α3lep(t) 0.62 1.47 1.2
Table III: Average and maximal sizes of different contribu-
tions in ppm (10−6), which induce a theoretical systematic un-
certainty that is larger then the targeted accuracy of 2×10−10.
integrated term by term, i.e.
δani =
1
2
(α
pi
)n+1 ∫ 0.932
0.3
(1− x) log
(
x2
1− x
m2µ
m2e
)i
dx
(22)
where we have set κni,0 = 1. Focusing on n = 3 and
i = 2, 1 we find
δa32 = 3.7× 10−10, δa31 = 0.36× 10−10 (23)
which should be compared to 2.3 and 0.21 ×10−10 (Ta-
ble I) for the respective fitted values. We observe that
fitting the logarithms onto a cubic polynomial reduces
the “pure” impact of the pieces by around a factor of
two. Other fitting functions have been investigated for
∆αhad (and are beyond the scope of this work), but
it would be an interesting study to investigate if these
terms could be further suppressed by modifications to
the fitting procedure.
We present a summary of our various findings in Ta-
ble III. The three different types of functions all paint a
broadly similar picture. That is, in order to extract aHLO
with a systematic uncertainty from missing higher order
corrections less than or equal to 2× 10−10 requires con-
trol of the differential t-distribution at around the 1 ppm
level. We classified the size of the coefficients needed in
a perturbative expansion of α and log (−t/m2e). Antic-
ipating the size of the coefficients at around O(1 − 10)
mandates terms up to order α3L and possibly α4L3. As
more theoretical work is completed it will be possible
to determine the likely size of missing coefficients more
accurately. Finally, we can estimate the theoretical sys-
tematic uncertainty arising from a function which has
a mean value corresponding to the 10 ppm target (as
originally proposed [29]), performing the same analysis
as above (using the α3L2 template function) results in a
shift of δaHLOHO = 16 × 10−10, with other choices of tem-
plates functions resulting in similar values.
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Figure 4: Topologies illustrating the possible insertion of BSM physics.
Tree-level BSM Contributions
The previous section discussed the precision needed
in the SM to enable an accurate extraction of ∆αhad.
There is a second component to eq. (6) arising from pu-
tative BSM physics. In this section we analyze the po-
tential impact of different types of models. We begin by
discussing BSM contributions which may enter first at
tree-level. A tree-level exchange connects the two lepton
lines, and therefore corresponds to an example like the
rightmost diagram in Fig. 4. In order to have avoided
detection the new boson exchanged between the leptons
must either be very heavy or have suppressed couplings
to SM matter. The simplest examples correspond to the
exchange of either a spin-0 scalar or spin-1 gauge boson.
For the case of a scalar (or pseudo-scalar) the couplings
scale with lepton masses. This assumes minimal flavor
violation, in which case the only flavor violating spuri-
ons are the Yukawa matrices. Given the smallness of the
electron Yukawa we focus instead on the exchange of a
spin-1 gauge boson. In order to study a (simple) relevant
example we consider a vector gauge boson arising from
an an additional U(1)X symmetry (referred to as a Se-
cluded U(1)) that mixes with the standard model photon
(a dark photon). Originally such models were proposed
as good candidates to explain the difference in g−2 [38],
however much of the desired parameter space is now ex-
cluded by other measurements [39]. However there is still
an unconstrained region of parameter space in which the
models could have some impact on g − 2.
A secluded U(1) Lagrangian includes a new gauge bo-
son Xµ which couples to the hypercharge gauge boson of
the SM [38, 39]
L = −1
4
Fˆµν Fˆ
µν − 
′
2
FˆµνXˆµν − 1
4
XˆµνXˆ
µν
−g′yYµ Bˆµ +
1
2
Mˆ2XXˆµX
µ , (24)
where Bˆµ defines the hypercharge gauge boson, with cor-
responding field strength tensor Fˆµν , gauge coupling g
′
and the hypercharge current jYµ defines the coupling to
SM fermions. The hats on the fields indicate that the rel-
evant fields are not canonically normalized and require
rotation to the mass basis. This results in a redefini-
tion of the SM Z boson mass, a massless photon and a
massive dark photon (denoted by A′). The dark photon
couples universally to all SM quark and lepton flavors
with a suppression given by  = ′ cos θw.
Recalling Eq. (6) we see that unaccounted BSM physics
would be absorbed into the hadronic running of α. For
tree-level BSM physics we find a contribution of the form
∆αBSM =
<[MQEDMBSM]
|MQED|2 , (25)
which corresponds to the interference term between the
SM and BSM contributions. We neglect the BSM
squared term, assuming that it remains small.
For the dark photon model described above the LO
interference is simple to compute, indeed since the only
modifications are to the t−channel propagator and the
coupling, the ratio is given by
∆αDP =
2t
t−m2A′
, (26)
where mA′ is the mass of the new boson. We note that
formally the width of the dark photon, ΓA′ enters into
the above expression. The width, however, is suppressed
by an additional factor of 2. As a result the effects of the
width enter at the same level as the BSM contribution
squared (4) which we neglect consistently.
Our results are presented in Fig. 5 where we present
∆α
[mA′ ]
DP as a function of x. We have chosen 
2 = 2×10−7
which is close to the current exclusion limits for the Se-
cluded U(1)X model [39] and present curves for three dif-
ferent mass choices, mA′ = {0.01, 0.1, 1} GeV. It is clear
that both the shape, and relative importance compared
to ∆αhad is strongly dependent on mA′ . Since in the
8Δαhad
ϵ2=2×10-7
ΔαDP[0.01 GeV]
ΔαDP[0.1 GeV]
ΔαDP[1 GeV]
0.0 0.2 0.4 0.6 0.8 1.0
10
-6
10
-4
0.01
1
x
Δα
i
×
1
0
4
Figure 5: The plot shows the Leading Order hadronic con-
tributions ∆αhad in comparison with various dark photon
models ∆α
[mA′ ]
DP .
2 2× 10−7
mA′ [GeV ] 0.01 0.1 1
δaHLOBSM 1.1× 10−10 4.6× 10−11 1.3× 10−12
Table IV: Integrated contributions to δaHLOBSM stemming from
three different dark photon models.
spacelike region t is negative, the denominator of eq. (26)
never diverges and therefore increasing the mass lowers
the overall impact. As |t| > mA the ratio approaches an
asymptotic value of 2.
We present results for the integrated contribution to
δaHLOBSM in Table IV. Assuming that the MUonE exper-
iment can reach their expected sensitivity of 2 × 10−10,
we see that the lightest dark photon model contributes at
the level of this uncertainty. Since this relevant parame-
ter space is at the edge of the current exclusion limits [39],
future dark photon searches will have likely excluded all
relevant parameter space by the time the MUonE exper-
iment is performed.
In contrast if the BSM sector is expanded to include
BSM matter content e.g. by including a dark matter can-
didate [40, 41], the incorporated potential decays to light
dark sector fermions (or scalars) can alter the width of
the dark photon. As a result the decays to SM matter can
be suppressed, causing an overall lowering of the ability
of direct searches to constrain the dark photon param-
eter space. Such an extended dark sector was recently
proposed as a method of explaining g − 2 while evading
some existing searches [42]. Since the MUonE experi-
ment is only marginally dependent on the decay width
of the dark photon such extended BSM models could
make sizable contributions, while evading bounds from
direct searches. Consequently a careful examination of
the current dark photon bounds will be necessary, once
the MUonE data is analyzed.
Finally we note that models in which the BSM me-
diating particle is heavy can also be interpreted using
Eq. (26) with the replacement 2 → O(1) for EW scale
couplings. In this instance we see the suppression is given
by t/(t − m2). It is thus clear that heavy new physics
will effectively look like t/m2 in the fiducial region of
the MUonE experiment. LEP limits [43–47] on contact
interactions already impose m & O TeV. Which is suffi-
cient to suppress heavy new physics to such a level as to
be neglected in the MUonE analysis.
Loop-level BSM Contributions
We now consider the possibility that the SM prediction
is modified at the one-loop level. This changes eq. (5) to
the following
d
dt
(
dσExp
dσSMpert
)
= 1 + 2∆αhad + 2α
d
dt
(
dσBSM
dσLO
)
+O(α2) , (27)
where dσBSM defines the BSM physics contribution, we
note that, due to the implicit insertion of a factor of α
in the definition of ∆αhad , both terms in eq. (27) are of
the same (formal) order in the perturbative expansion of
the ratio. As illustrated in Fig. 4 there are four possible
insertions of BSM interactions in the basic LO topology.
They can be included on either of the individual lepton
lines, the photon propagator, or by connecting the two
lines together. We can thus expand dσBSM as follows
dσBSM =
∆αγBSM + ∑
`=e,µ
∆α`BSM + ∆α
e,µ
BSM
 dσLO ,
where ∆αiBSM corresponds to the correction associated
with particle content i factored onto the LO differential
cross section dσLO. In this work we set ∆αe,µBSM = 0,
that is we neglect box-type contributions in which the
new physics connects the two lepton lines. This is pri-
marily because they either represent a QED correction
to a tree-level contribution (as discussed in the previous
section) or involve couplings that are heavily constrained
by lepton flavor violation, or are suppressed by the small-
ness of the electron Yukawa coupling (for exchange of
scalar particles). Contributions from heavy new physics
which are not flavor suppressed effectively reduce to a
four-fermion contact interaction, which falls under the
discussion of the previous section. Before detailing the
calculation in specific models (the MSSM and a gauged
U(1)Lµ−Lτ model) in the next section, we first outline
the characteristics of the remaining contributions.
The contributions from one-loop BSM corrections to
the photon propagator can be written as
∆αγBSM = <[Σr(t)] , (28)
where Σr(t) defines the renormalized photon self energy,
which in the on-shell scheme is given by Σr(t) = Σ(t) −
9Σ(0). The equation above was obtained by expanding
the photon propagator in α
Dµν = −ig
µν
t
(
1 + Σ(t) +O[α2]) , (29)
and introducing the form factor Σ(t) as
Σµν(t) = i (t gµν − (p2 − p3)µ(p2 − p3)ν) Σ(t) . (30)
In addition we introduced the outgoing four-momenta of
the electron and muon as (p2 − p3)2 = q2 = t. In gen-
eral heavy new physics will act much like the top-quark
contribution to the self energy. For t m2t , which corre-
sponds to the majority of the range in x (and includes the
fiducial detector volume), these terms scale like t/m2t , so
in general we do not expect significant contribution from
heavy BSM physics from self-energy type corrections.
The corrections to the lepton-photon vertex lead to
contributions of the form
∆α`BSM = F
r,`
e (t) +K
`
bF
r,`
m (t) . (31)
The projection onto the tree-level matrix is obtained by
first computing the unrenormalized electric and magnetic
form factor in terms of its constituent Lorentz structures
Γµ` = −i e
(
γµF `e (t) +
iσµνqν
2ml
F `m(t)
)
, (32)
with σµν = i/2 [γµ, γν ]. The renormalization at one-loop
in the on-shell scheme is given by F r,`e (t) = F
`
e (t)−F `e (0)
and F r,`m (t) = F
`
m(t). We recall that g − 2 for a lepton is
defined as the magnetic form factor at zero-momentum
F r,`m (0) = al. We can therefore quantify the impact on
∆αhad from a BSM theory which contributes a
BSM
µ to
g − 2 using the following order of magnitude estimate
∆α`BSM ∼ K`baBSMµ , (33)
where we suppress the electric contribution for the fol-
lowing discussion. It is apparent that, depending on the
size of K BSM physics may induce a change in aHLO
comparable to the BSM contribution to g− 2. The kine-
matic factor K thus plays a critical role in determining
the overall impact of the BSM physics contribution to the
interpretation of aHLO. It can be computed by taking the
interference of the magnetic part of the form factor (along
the fermion line `) with the rest of the amplitude defined
as in the SM, with the pure SM amplitude and is
K`b =
(2m2b + t)t
2(m2e +m
2
µ − s)2 + 2st+ t2
, (34)
where b is the mass of the “spectator fermion”, which cou-
ples via the SM vertex in the diagram. We plot the mag-
nitude of the kinematic factor in Fig. 6 for both muon and
electron vertices. It is clear that the kinematic factor, for
the center of mass energy proposed by the MUonE col-
laboration,
√
s = 0.4055541 GeV, results in a significant
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Figure 6: The kinematic factor K, evaluated for electron and
muon vertices for the kinematics of the MUonE experimental
setup.
suppression of the magnetic part of the form factor over
the majority of the available phase space. Therefore we
can see that ∆α`BSM  aBSM and in general a model
which seeks to explain g − 2 by introducing a loop-level
contribution of the form aBSM ∼ 20 × 10−10 will con-
tribute a negligible amount to the extraction of ∆αhad in
µe scattering.
The argument above assumes that both F r,`e (t) and
F r,`m (t) do not become sufficiently large at any point in
the MUonE phase space regime probed. In order to
demonstrate the suppression in a realistic setting we pro-
vide an example calculation in the MSSM and a gauged
U(1)Lµ−Lτ model in the next section.
MSSM
Supersymmetric (SUSY) theories offer a compelling
UV complete extension to the SM, of which the Min-
imally Supersymmetric Standard Model (MSSM) pro-
vides a relatively simple realization of SUSY by intro-
ducing a limited number of new parameters [48]. In gen-
eral, while the MSSM is by now severely constrained by
the LHC, it is rather easy in this model to introduce
new contributions to the muon anomalous magnetic mo-
ment, which can be utilized to explain the current 3.7σ
derivation [49–52]. The same contributions also arise for
muon-electron scattering and therefore the MSSM is an
excellent theory for us to demonstrate the argument pre-
sented in the previous section applied to a full model. For
this purpose we use the framework of the previous sec-
tion and compute the corrections from the muon vertex
form factors (31) and the photon propagator (28) arising
from smuons and charginos. We neglect any corrections
to the electron-photon vertex, since they are constrained
by the electron g−2 and generally suppressed due to the
small mass of the electron. We follow the notation set
up in [7, 48] with the chargino mass matrix defined as
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follows
Mχ0 =

M1 0
0 M2
MOD
MTOD
0 −µ
−µ 0
 , (35a)
MOD =
(
−cb sW MZ sb sW MZ
cb cW MZ −sb cW MZ
)
, (35b)
Mχ± =
(
M2
√
2sbMW√
2cbMW µ
)
, (35c)
and
M2µ˜ =
(
m2L,µ −mµµ tanβ
−mµµ∗ tanβ m2R,µ
)
, (35d)
m2L,µ = m
2
L + (s
2
W − 12 )m2Z cos 2β, m2R,µ = m2R −
s2W m
2
Z cos 2β and the abbreviations sb = sinβ, cb =
cosβ, sW = sin θW and cW = cos θW . We neglect the
soft SUSY breaking term Aµ˜ in the smuon mass matrix,
since it only amounts to small corrections in the smuon
mass. The mass of the muon sneutrino is given through
the left-handed smuon mass parameter
m2ν˜ = m
2
L +
1
2
M2Z cos 2β . (36)
The real and positive masses of the neutralinos, charginos
and smuons can be found by diagonalizing the corre-
sponding mass matrix
N∗Mχ0N† = diag(mχ01 ,mχ02 ,mχ03 ,mχ04), (37a)
U∗Mχ±V † = diag(mχ±1 ,mχ±2 ), (37b)
XM2µ˜X
† = diag (m2µ˜1 ,m
2
µ˜2). (37c)
Under the assumption that the gaugino masses unify at
some GUT scale
M1 =
g21M2
g22
≈ 5
3
tan2W M2 , (38)
we end up with five relevant MSSM parameters
M2, µ, tanβ, mL,µ and mR,µ.
The calculation of the relevant Feynman diagrams was
performed in the following manner: the diagrams were
generated with QGraf [53] and projected onto form fac-
tors defined in (29) and (32). Scalar integrals were re-
duced to master integrals using integration-by-parts iden-
tities, generated by LiteRed [54]. The master integrals
were then computed using QCDloop [55]. Finally we
renormalized our calculation in the on-shell scheme [56].
Set M2[GeV] µ[GeV] tanβ mL,µ[GeV] mR,µ[GeV]
L 200 200 4 100 100
Hχ 700 700 30 300 100
Hµ˜ 200 200 30 600 600
Table V: Definitions of parameter choices used for the MSSM
calculation.
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Figure 7: The plot shows the Leading Order hadronic contri-
butions ∆αhad in comparison with different parameter selec-
tions for the MSSM.
Our results are shown in Fig. 7, where we choose three
sets of MSSM parameters as defined in Table V, which
are compatible with the current g − 2 discrepancy. The
individual parameters are varied so as to preferentially
select different loop diagrams. Regardless of the param-
eter choice we observe that the MSSM corrections are
succifently small such as to effect δaHLOBSM at the level of
O(10−13) and therefore can be safely neglected. This val-
idates with a specific model the more general statements
made in the previous section regarding the overall impact
of heavy loop induced new physics.
A U(1)Lµ−Lτ MODEL
As a final example we consider a loop-induced BSM
correction which corresponds to a dark photon gauged
under the difference of muon and tau lepton numbers
Lµ − Lτ [57, 58]. Since there is no tree-level coupling
to electrons this model is harder to constrain experimen-
tally [59] and thus still has an available window of param-
eter space compatible with g− 2 [39]. For our discussion
it represents an interesting test case, since the light medi-
ating particle invalidates the argument given in the pre-
vious section regarding the smallness of self-energy style
corrections (the kinematic suppression from the vertex
diagrams is still present). These models therefore present
a test of loop-induced BSM physics in a regime differ-
ent from the MSSM example considered previously. In
principle this model can be captured by an effective tree-
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Figure 8: The plot shows the Leading Order hadronic contri-
butions ∆αhad in comparison with various U(1)Lµ−Lτ dark
photon models ∆α
[mA′ ]
Bµτ
.
level interaction by integrating out the loop, and thus
could be constrained using the tree-level model (with a
replacement 2 → ′e). Here however we will use the
full one-loop machinery to ensure a full comparison (also
including vertex corrections) is made.
Our results for this model are summarized in Fig. 8,
where we plot ∆αBSM for three different choices of the
dark photon mass (which would be broadly compatible
with g − 2). Although the contributions from the light
new physics are considerably larger than those from the
MSSM they are still suppressed to a percent level con-
tribution to the error on ∆αhad, and therefore can be
neglected in the MUonE analysis (δaHLOBSM = O(10−12)).
From a theoretical viewpoint it is interesting to investi-
gate the predictions in slightly more detail, as they have
somewhat unique features compared to the other exam-
ples we have studied. For light mediators the dominant
contribution comes from the electric form factor (e.g. the
first term in (32)), which is negative (for this reason we
plot the absolute values in Fig. 8). On the other hand
the contribution arising from the self-energy type correc-
tions, has a positive sign. The two terms compete, and
in particular at large x the self-energy terms approach a
constant value (for fixed coupling) regardless of the dark
photon mass. While the renormalized electric form fac-
tor acts like an effective coupling which decreases with
increasing mass. As a result the shape of the vertex cor-
rections as a function of x is not sensitive to the mass
of the dark photon. We note that magnetic form factor
is subleading for all three choices such that total vertex
correction is set by the electric form factor.
For the two lighter cases studied (mA′ = 0.01, 0.1 GeV)
the electric form factor dominates over the entire x range,
and the prediction remains negative. For our heaviest
case mA = 1 GeV the vertex suppression is sufficient
that at larger values of x the self-energy term dominates,
as a result the prediction changes sign at large x.
CONCLUSIONS
A precision low-energy µe scattering experiment offers
the opportunity to perform an independent measurement
of the LO hadronic running of α (∆αhad) with the pos-
sibility of producing a result with similar/improved un-
certainties to existing calculations/extractions. Such a
measurement would have an immediate application in the
comparison between data and theory for the anomalous
magnetic moment of the muon g − 2. Currently there
is significant tension (3.7 σ) between data and the pre-
dictions of the SM for this observable. Excitingly, this
may be due to contributions, from as yet undiscovered
BSM physics. New results for g − 2 are expected from
the Muon g − 2 experiment at Fermilab this summer.
Since aHLO represents the second largest single contribu-
tor to the theoretical error budget, its extraction using an
independent method, not plagued by low-energy hadron
resonances (a problem for the current method relying on
the optical theorem) is well motivated. For this reason
the MUonE experiment has been proposed as a means
of achieving this measurement through t−channel scat-
tering of electrons and muons.
The desired accuracy on the MUonE experiment (in
units of the anomalous magnetic moment of the muon)
is about 2 × 10−10, we studied the feasibility of obtain-
ing this goal given the presence of unknown higher or-
der corrections in the SM. While it is clear that a pre-
cision of 0.3% on the fit is realistic given the proposed
experimental methodology, there is an underlying depen-
dence on missing terms in the theory which may alter the
mathematical definition of the fitted function at a level
much greater than this accuracy (i.e. one is not deter-
mining purely ∆αhad but instead the combination of
∆αhad+higher order perturbative terms). We conclude
that the target of 10 ppm for the theoretical uncertainty
is insufficient to obtain the desired accuracy on aHLO. We
demonstrated this using an estimate of the order of mag-
nitude of higher order corrections constructed from the
leptonic running raised to the appropriate power, and by
investigating powers of log(−t/m2e) which may enter into
the perturbative expansion. Both analyses suggest that
1 ppm is a more realistic target to achieve the 2× 10−10
theoretical uncertainty.
A putative BSM contribution to g− 2 may be as large
∼ 25 × 10−10. One therefore should ask, if a BSM ex-
planation is employed to address the g − 2 discrepancy,
what would its impact be on a similar scattering exper-
iment? A natural worry is that BSM physics could be
accidentally fitted into an extraction of ∆αhad at the
MUonE experiment, and lead to a misinterpretation of
g − 2 data (in the worst case scenario, forcing artificial
agreement with the “SM”). It is, in our opinion, therefore
crucial to understand how different types of BSM signals
would manifest themselves in the MUonE experimental
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setup. Providing such a study was one of the principal
aims of this paper.
Generic BSM physics capable of altering µe scatter-
ing will enter first at either tree- or loop-level and the
potential impact in the two scenarios is rather differ-
ent. For tree-level BSM physics the landscape is rather
strongly constrained by previous collider experiments.
This leaves two potential windows in the generic BSM pa-
rameter space, firstly the mediating BSM particle could
be sufficiently heavy to have avoided direct production
at LEP/LHC etc., or secondly the coupling of the me-
diating particle could be small enough that it is suffi-
ciently weakly produced at colliders to have been ob-
served. Heavy BSM physics essentially replaces the tree-
level diagram with a four-fermion vertex, and existing
constraints are sufficient to render this of no concern
to the MUonE operational procedure. Lighter weakly
coupled BSM physics is much more interesting from the
MUonE perspective. In particular dark photon models
with an extended BSM matter sector might be able to
make sizable contributions, while evading exclusion lim-
its set by dark photon searches. Given the timescale of
the experiment, and the current experimental interest in
dark photons the available parameter space will be more
tightly constrained by the time the MUonE experiment
takes data. However, if a dark photon model is used to
explain g−2, its impact on the MUonE result should be
computed to avoid double counting.
Physics which enters first at loop-level is more subtle,
we showed that in general there is a significant suppres-
sion from the kinematics and that generic models will
contribute at a much smaller level than the anticipated
error on ∆αhad . We demonstrated this with an explicit
calculations in the MSSM or a dark photon arising from
a gauged U(1)Lµ−Lτ .
Given the importance of interpreting the g − 2 dif-
ference as the breakdown of the SM we suggest that, if
∆αhad information is used from µe scattering, the BSM
contribution to ∆αhad (as extracted from the data) is
calculated for the model to ensure that the contribution
is not large in both. Following the steps presented in
this paper can provide an estimation of the size of the
BSM physics, although a more rigorous analysis follow-
ing the steps of the experiment should be conducted if
warranted.
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Appendix A : Form of the Leptonic Running
In this appendix we give the analytic expression for the
leptonic running of α that was used to approximate the
higher order corrections
∆αlep =
∑
l=e,µ τ
α
pi
−5
9
− 4m
2
l
3t
+
√
1− 4m
2
l
t
2m2l + t
3t
log
−1 +
√
1− 4m2lt
1−
√
1− 4m2lt
 . (39)
∗ Electronic address:ulrichsc@buffalo.edu
† Electronic address:ciaranwi@buffalo.edu
[1] A. Chapelain (Muon g-2), EPJ Web Conf. 137, 08001
(2017), 1701.02807.
[2] G. W. Bennett et al. (Muon g-2), Phys. Rev. D73,
072003 (2006), hep-ex/0602035.
[3] M. Davier, A. Hoecker, B. Malaescu, and Z. Zhang, Eur.
Phys. J. C77, 827 (2017), 1706.09436.
[4] F. Jegerlehner (2017), 1711.06089.
[5] A. Keshavarzi, D. Nomura, and T. Teubner, Phys. Rev.
D97, 114025 (2018), 1802.02995.
[6] F. Jegerlehner and A. Nyffeler, Phys. Rept. 477, 1
(2009), 0902.3360.
[7] M. Lindner, M. Platscher, and F. S. Queiroz, Phys. Rept.
731, 1 (2018), 1610.06587.
[8] T. Aoyama, M. Hayakawa, T. Kinoshita, and M. Nio,
Phys. Rev. Lett. 109, 111807 (2012), 1205.5368.
[9] S. Laporta, Phys. Lett. B772, 232 (2017), 1704.06996.
[10] A. Czarnecki, W. J. Marciano, and A. Vainshtein,
Phys. Rev. D67, 073006 (2003), [Erratum: Phys.
Rev.D73,119901(2006)], hep-ph/0212229.
[11] T. Aoyama, M. Hayakawa, T. Kinoshita, and M. Nio,
Phys. Rev. Lett. 109, 111808 (2012), 1205.5370.
[12] C. Gnendiger, D. Sto¨ckinger, and H. Sto¨ckinger-Kim,
Phys. Rev. D88, 053005 (2013), 1306.5546.
[13] F. Jegerlehner, EPJ Web Conf. 166, 00022 (2018),
1705.00263.
[14] J. Prades, E. de Rafael, and A. Vainshtein, Adv. Ser.
Direct. High Energy Phys. 20, 303 (2009), 0901.0306.
[15] K. Melnikov and A. Vainshtein, Phys. Rev. D70, 113006
(2004), hep-ph/0312226.
13
[16] M. Knecht, S. Peris, M. Perrottet, and E. De Rafael,
JHEP 11, 003 (2002), hep-ph/0205102.
[17] G. Colangelo, M. Hoferichter, B. Kubis, M. Procura, and
P. Stoffer, Phys. Lett. B738, 6 (2014), 1408.2517.
[18] T. Blum, S. Chowdhury, M. Hayakawa, and T. Izubuchi,
Phys. Rev. Lett. 114, 012001 (2015), 1407.2923.
[19] J. Green, O. Gryniuk, G. von Hippel, H. B. Meyer,
and V. Pascalutsa, Phys. Rev. Lett. 115, 222003 (2015),
1507.01577.
[20] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin,
C. Jung, and C. Lehner, Phys. Rev. Lett. 118, 022005
(2017), 1610.04603.
[21] M. Della Morte, A. Francis, V. Gu¨lpers, G. Herdoza,
G. von Hippel, H. Horch, B. Ja¨ger, H. B. Meyer, A. Nyf-
feler, and H. Wittig, JHEP 10, 020 (2017), 1705.01775.
[22] S. Borsanyi et al. (Budapest-Marseille-Wuppertal), Phys.
Rev. Lett. 121, 022002 (2018), 1711.04980.
[23] T. Blum, P. A. Boyle, V. Gu¨lpers, T. Izubuchi, L. Jin,
C. Jung, A. Ju¨ttner, C. Lehner, A. Portelli, and J. T.
Tsang (RBC, UKQCD), Phys. Rev. Lett. 121, 022003
(2018), 1801.07224.
[24] D. Giusti, V. Lubicz, G. Martinelli, F. Sanfilippo, and
S. Simula (2019), 1901.10462.
[25] E. Shintani and Y. Kuramashi (2019), 1902.00885.
[26] C. T. H. Davies et al. (Fermilab Lattice, LATTICE-
HPQCD, MILC) (2019), 1902.04223.
[27] A. Ge´rardin, M. Ce`, G. von Hippel, B. Ho¨rz, H. B. Meyer,
D. Mohler, K. Ottnad, J. Wilhelm, and H. Wittig (2019),
1904.03120.
[28] G. Abbiendi et al., Eur. Phys. J. C77, 139 (2017),
1609.08987.
[29] G. Abbiendi, Tech. Rep. CERN-SPSC-2019-026. SPSC-
I-252, CERN, Geneva (2019), URL https://cds.cern.
ch/record/2677471.
[30] A. Dainese et al. (QCD Working Group) (2019),
1901.04482.
[31] M. Alacevich, C. M. Carloni Calame, M. Chiesa, G. Mon-
tagna, O. Nicrosini, and F. Piccinini, JHEP 02, 155
(2019), 1811.06743.
[32] M. Fael and M. Passera (2019), 1901.03106.
[33] P. Mastrolia, M. Passera, A. Primo, and U. Schubert,
JHEP 11, 198 (2017), 1709.07435.
[34] S. Di Vita, S. Laporta, P. Mastrolia, A. Primo, and
U. Schubert, JHEP 09, 016 (2018), 1806.08241.
[35] S. Eidelman and F. Jegerlehner, Z. Phys. C67, 585
(1995), hep-ph/9502298.
[36] F. Jegerlehner, Nucl. Phys. Proc. Suppl. 181-182, 26
(2008).
[37] G. Abbiendi, Status of the measurement of the running
of alpha and its systematic uncertainties, Presented at
1st MUonE Collaboration Meeting at CERN (2019).
[38] M. Pospelov, Phys. Rev. D80, 095002 (2009), 0811.1030.
[39] M. Bauer, P. Foldenauer, and J. Jaeckel, JHEP 07, 094
(2018), 1803.05466.
[40] D. Tucker-Smith and N. Weiner, Phys. Rev. D64, 043502
(2001), hep-ph/0101138.
[41] E. Izaguirre, G. Krnjaic, and B. Shuve, Phys. Rev. D93,
063523 (2016), 1508.03050.
[42] G. Mohlabeng (2019), 1902.05075.
[43] K. Ackerstaff et al. (OPAL), Phys. Lett. B391, 221
(1997).
[44] M. Acciarri et al. (L3), Phys. Lett. B489, 81 (2000),
hep-ex/0005028.
[45] G. Abbiendi et al. (OPAL), Eur. Phys. J. C33, 173
(2004), hep-ex/0309053.
[46] J. Abdallah et al. (DELPHI), Eur. Phys. J. C45, 589
(2006), hep-ex/0512012.
[47] S. Schael et al. (ALEPH), Eur. Phys. J. C49, 411 (2007),
hep-ex/0609051.
[48] S. P. Martin, pp. 1–98 (1997), [Adv. Ser. Direct. High
Energy Phys.18,1(1998)], hep-ph/9709356.
[49] A. Cherchiglia, P. Kneschke, D. Sto¨ckinger, and
H. Sto¨ckinger-Kim, JHEP 01, 007 (2017), 1607.06292.
[50] M. Endo, K. Hamaguchi, S. Iwamoto, and K. Yanagi,
JHEP 06, 031 (2017), 1704.05287.
[51] P. Cox, C. Han, and T. T. Yanagida, Phys. Rev. D98,
055015 (2018), 1805.02802.
[52] W. Kotlarski, D. Sto¨ckinger, and H. Sto¨ckinger-Kim
(2019), 1902.06650.
[53] P. Nogueira, J. Comput. Phys. 105, 279 (1993).
[54] R. N. Lee, J. Phys. Conf. Ser. 523, 012059 (2014),
1310.1145.
[55] S. Carrazza, R. K. Ellis, and G. Zanderighi, Comput.
Phys. Commun. 209, 134 (2016), 1605.03181.
[56] W. Hollik and C. Schappacher, Nucl. Phys. B545, 98
(1999), hep-ph/9807427.
[57] X. G. He, G. C. Joshi, H. Lew, and R. R. Volkas, Phys.
Rev. D43, 22 (1991).
[58] X.-G. He, G. C. Joshi, H. Lew, and R. R. Volkas, Phys.
Rev. D44, 2118 (1991).
[59] W. Altmannshofer, S. Gori, M. Pospelov, and I. Yavin,
Phys. Rev. Lett. 113, 091801 (2014), 1406.2332.
